Abstract. In this paper, the nonlinear dynamics equations of a multi-field coupled orthotropic micro film are presented. The Krylov-Bogoliubov-Mitropolsky (KBM) method is used to solve the equations. The multi-fields coupled nonlinear resonant frequencies of a micro film are analyzed. The effects of Casimir force and nonlinear parameter on nonlinear resonant frequencies and vibration amplitudes are investigated. A resonant film is designed and produced. Based on the principle of electrostatic excitation and capacitance detection, the resonant frequency of the micro film is detected. It illustrates that the Casimir force has an important influence on the resonant micro film frequencies and should be considered with a small initial clearance.
Introduction
Micro-electro-mechanical systems (MEMS) mainly include micro-sensors, micro-actuators and processing circuits [1, 2] . As an important branch of MEMS devices, micro-sensors have advantages such as fast responses, high sensitivity, and are suitable for mass production, etc. [3] . Among the micro-sensors, resonant sensors output frequency signals in which the distortion will not occur in the long-distance transmission, and the signal processing circuits can be simplified largely so that they are widely used in automobile, intelligent equipment, chemical industry, quality and process control, fragrance design, oenology, etc [4] . Resonant sensor resonator mainly includes two types: film or beam. The beam resonator has a higher sensitivity than a film resonator, but its output signals are weaker, and a higher precise detection circuit is required. The output signal of the film resonant sensor is strong, and the requirement to a test circuit is low, of course, its sensitivity is lower than that of beam resonators [5, 6] .
Micro resonant sensors work in the resonant state. Physical quantities are detected by fluctuations of the resonant frequencies. So, for a micro sensor with film resonator, determining the resonant frequency and its fluctuations along with the system parameters is an important problem. For the dynamics problem of the micro film, a lot of studies have been done.
The film vibration theory was derived from the string vibration theory in the 18th century [7] . In 1993, Alonso studied the vibration characteristics for a resonator made with NiCr thin film micro resonance pressure sensor [8] . Fan studied the nonlinear vibration of a micro resonant pressure sensor. The multi-scale method was used to analyze the influence of the nonlinear term on the natural frequency of the sensor [9] . Federico discussed the Casimir effect and its use in nanomechanics and nanotechnology, and finished high precision measurements of the Casimir force using microelectromechanical systems technology [10] . In 2009, Reutskiy developed a new method of numerical analysis of the nonlinear film vibration. This method is based on a mathematical simulation of the physical response of the spectrum analysis system [11] . In the same year, Goncalves analyzed the geometrical and material nonlinear vibrations of hyperelastic tensioned films under small deformation and time-dependent transverse pressure by the method of Galerkin [12] . Liu carried out a theoretical analysis of the nonlinear free vibration of thin films and the forced vibrations under impact loads [13] . The dynamics of a circular film in zero gravity was studied by Sorokin, and the spectrum of natural vibrations were given [14] .
J Weber studied thin film resonators as environmental pressure sensors and developed a model to evaluate their sensitivity [15] . Steffen developed a polycrystalline silicon thin film resonator with three-layer or two-layer structure, different film strain factors, and different resistance temperature coefficients [16] . Zhao fabricated an odorant biosensor based on ZnO film bulk acoustic resonators (FBARs) with resonant frequency of -1.5 GHz, and demonstrated the potential of FBARs as odorant biosensors [17] . Jiang fabricated high-performance PZT thin films with a thickness of 2.6 μm which are produced on a silicon substrate by the sputtering deposition process, and a Lamb wave resonator was fabricated using the highly selective reactive ion etching process [18] . Gualdino fabricated a thin-film silicon resonator by surface micromachining and studied vibration modes of micromechanical disk resonators made of hydrogenated amorphous silicon films [19] . Ren presented a novel resonant pressure sensor with an improved micromechanical double-ended tuning fork resonator packaged in dry air at the atmospheric pressure in which the fundamental frequency of the resonant pressure sensor is approximately 34.55 kHz with a pressure sensitivity of 20.77 Hz/kPa [20] . Hamelin studied a new method to optically trim the resonance frequency of micro-silicon resonator coated with a film germanium layer [21] . Alahnomi developed a new sensor for detecting the properties of the materials [22] . However, the resonator of a resonant sensor operates normally under multi-fields forces. Especially, as the resonator size reduces, effects of the molecule force on its resonant frequency become more significant and could not be neglected. To predict the resonant frequency and its fluctuations of the micro film resonator accurately, the multi-field coupled vibration problem under the influence of molecular force should be investigated.
In this paper, a multi-field coupled dynamics model of the orthotropic film resonator is proposed. Here, the Casimir force, the air damping force and the electrostatic force are considered. Using the model, the nonlinear vibration frequency and displacement response of the micro film resonator are investigated. Effects of the Casimir force on the nonlinear vibration frequency for the micro film resonator are determined. To illustrate the analysis, a micro film resonator is fabricated, and the nonlinear frequencies of the resonator under different initial clearances are detected. Results show that the detected resonant frequencies are in agreement with the calculative values. The results can be used in design of the resonant frequencies for a micro resonant film sensor. A flowchart of the research idea is given in Fig. 1 . 
Coupled dynamics equations
An orthotropic resonant film in the micro resonant sensor is shown in Fig. 2 . This is a multi-field coupled system for the micro-thin film under the action of electrostatic force, Casimir force and air damping force. Its boundary condition is that two sides are fixed and two sides are free. Here, ℎ is the film thickness, ∆ is the film vibration displacement, and are the resonant film dimensions, is the initial clearance between the film and base plate.
According to the theory of D'Alembert principle [23] , the control equations of nonlinear free vibration for the film are given by:
where is the density, is the voltage, is the stress function, is the initial tension stress in direction of the film, is the initial tension stress in direction of the film, is the Young moduli in x direction, is the Young moduli in direction, is the damping coefficient of the air, it can be given as:
where is the air dynamic viscosity, = 1.86×10 ∆ is the force per unit area on the film, including the electrostatic force and the Casimir force, it can be given as:
From the Lifshitz formula, the Casimir force per unit area is [24] :
where ℏ is the Plank constant divided by 2 , ℏ = 1.055×10
-34
J·S; is the light speed, = 2.998×10 8 m/s. Consider the non-linearity of the Casimir force, the Casimir force is written as a Gaussian expansion at the static mean displacement, and letting = ⁄ , ones can obtain:
The dynamic electrostatic force per unit area due to the film displacement is [25] :
where is the permittivity constant of free space, = 8.85×10
. Considering nonlinearity of electrostatic force, the dynamic electrostatic force on the film is written as a Gaussian expansion at the static mean displacement, one obtains
Thus, the force per unit area on the film is:
Substituting Eq. (9) into Eq. (1), one obtains:
For the boundary conditions, the solutions of Eqs. (1) and (2) can be given as [26] :
( , ) = sin cos .
Thus:
Substituting Eqs. (12) and (14) into Eq. (2), one yields:
Let:
Substituting it into Eq. (15), one yields the following equations:
Substituting Eq. (17) into Eq. (12), one yields:
The substitution of Eqs. (14) and (18) into Eq. (1) and using the Galerkin method [27] , one obtains: 
Let it be that:
Thus, Eq. (19) can be changed into the following form:
Utilizing the KBM perturbation method [28] , let, = ℎ / and then:
In order to facilitate the calculation, Eq. (22) is converted into following form:
Here:
Here is the initial phase of film vibration (let = 0). If = 0, Eq. (23) can be changed into following form:
Consider the influence of non-linearity, ones assume:
Here and is the time function, and is the power series function of . The equivalent damping ratio and the equivalent natural frequency of the nonlinear system can be expressed as the form of a small parameter power series:
Utilizing KBM perturbation method (see Appendix), ones obtain:
= − 32 cos3 ,
From Eq. (29), the non-linear vibration frequency can be obtained: 
(36)
Results and discussions
The parameters of the micro film are shown in Table 1 (here, = 2×10 -7 m, = 0.1 , = 0), Table 2 gives the changes of nonlinear frequencies (here, = 0.001), is the nonlinear frequencies of the micro film without considering the Casimir force, is the nonlinear frequencies of the micro film with considering the Casimir force, is the relative deviations between them. Fig. 2 gives the comparisons of the first four orders of the nonlinear frequencies for different nonlinear parameters. Fig. 3 gives nonlinear frequency changes with the main parameters. From Table 2 , Fig. 3 and Fig. 4 , the following observations are worth noting: 1) Nonlinear resonant frequencies without considering the Casimir force are larger than those with considering the Casimir force. The Casimir force and electrostatic force correspond to two springs in series, so the Casimir force can lead to a decrease of the nonlinear resonant frequencies just like the electrostatic force.
2) For = 0.001, the deviation between the nonlinear frequencies of the micro sensor with and without the Casimir force decreases with increasing the order number of the mode. For the first order frequency, the deviation between the nonlinear frequencies is 19.51 %, for the fourth order one, the deviation between the nonlinear frequencies is 0.796 %. It shows that the Casimir force has a greater influence on the low-order nonlinear frequencies. So, the Casimir force should be considered when determining the low order of the resonant frequencies for the micro film.
3) As the nonlinear parameter increases, the first four order nonlinear frequencies decrease, and the deviation between the nonlinear frequencies with and without considering the Casimir force decreases. The deviation between the nonlinear frequencies with considering the Casimir force is larger than that without considering the Casimir force. It shows that nonlinearity of the Casimir force has an effect on the resonant frequency of the micro film, but the nonlinearity of the electrostatic force has much larger effect on the resonant frequency of the micro film when the nonlinearity is stronger. 4) As the film length increases, the deviation between the nonlinear frequencies for = 0 and = 0.01 increases significantly. The deviation between the nonlinear frequencies of the micro sensor with considering the Casimir force is larger than those without considering the Casimir force. It is because the effects of the Casimir force become large when the film length is large. 5) As the initial clearance between the micro film and base plate increases, the deviation between the nonlinear frequencies with and without considering the Casimir force decreases. When the initial clearance is above 400 nm, the nonlinear frequencies with and without considering the Casimir force are nearly identical to each other. It shows that the Casimir force should be considered when the initial clearance is below 400 nm. It is because the Casimir force is inversely proportional to the fourth power of the initial clearance. The effects of the Casimir force, small parameter and air damping force on the nonlinear vibrating amplitudes are investigated for the mode (1, 1) (see Fig. 5, Fig. 6 and Fig. 7) . Fig. 5 gives the vibrating amplitudes of nonlinear free vibration at = 0.01 with considering the Casimir force. Fig. 6 gives the difference of the vibrating amplitudes with and without considering the Casimir force ( = 0.01). Fig. 7 gives the vibrating amplitudes of nonlinear free vibration for = 0.01 and = 0 (considering the Casimir force). From Fig. 5, Fig. 6 and Fig. 7 , the following observations are worth noting: 1) The displacement time trace of free vibration at each point on the micro film reduces periodically with the time. Due to the existence of air damping, the amplitude eventually approaches zero.
2) The vibration amplitude of the center point B is much smaller than that of point A and point C. This is because the distances between the center point B and two free film edges are equal, and this makes part of the vibrations cancel each other after superimposing on the center point B. For point A and point C, the nonlinear vibration direction is opposite. This is due to the fact that two points are symmetrical about the film midpoint, and the motions of two points mainly depend on the first order of the vibrating mode. 3) The difference between the vibrating amplitudes with and without considering the Casimir force reduces periodically as well. It shows that the Casimir force have an important effect on vibration amplitude of the micro film. For the point A and point C, the difference between the vibrating amplitudes with and without considering the Casimir force gets to 50 % of its vibration amplitude. For the point B, the difference between the vibrating amplitudes with and without considering the Casimir force is above 10 % of its vibration amplitude. It shows that the Casimir force should be considered when determining the vibration amplitudes of the micro film.
4) The difference between the vibrating amplitudes for = 0.01 and = 0 changes periodically for the points A, B point C. The difference does not reduce with the time. It shows that a high order of the harmonic vibrations on the micro film does not decay with the time.
To illustrate the above mentioned analysis about the nonlinear frequencies of the micro film, a micro film resonant sensor is fabricated by lithography, etching and other processes (see Fig. 8(a) ). The detection of the natural frequencies for the micro resonant sensor is done. Here, the detecting method of electrostatic excitation and capacitance measurement is used to measure the vibration frequency. When the input signal frequency is close to the resonant frequency of the film, the film resonance occurs. Fig. 8 shows the sensor and its measuring system. Fig. 9 gives detection results of the micro film for two different size sensors (see Table 3 ). Table 4 gives the comparison between measured results and calculative values ( is the relative deviation of measured results and calculative values). The authors declare that there is no conflict of interests regarding the publication of this article.
Conclusions
In this paper, a multi-field coupled dynamics model of the micro film resonator is proposed. Here, the Casimir force, air damping force, elastic force and electrostatic force are considered. Using a model, the nonlinear vibration frequency and displacement response of the micro film resonator are investigated. Results show:
1) The Casimir force has an important effect on the vibration frequencies of the micro resonant film. When the clearance between the film and baseplate decreases, the effect becomes more significant. When the clearance is below 400 nm, the effect should be considered.
2) When the size of the film increases, the effect of the Casimir force on the nonlinear frequencies of the micro resonant film becomes more significant as well.
3) The Casimir force has a significant important effect on the vibrating amplitudes of the micro film. When determining the vibrating amplitudes of the micro film, the Casimir force should not be neglected.
4) Effects of the Casimir force can be illustrated by detecting the resonant frequency difference of the micro film under different initial clearances.
A1. Solutions of nonlinear equations by KBM method
In Eq. (26) and Eq. (27) , and satisfy the following equations: 
